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Abstract 

In the framework of the 2(25 + 1)- theory of Joos- Weinberg for massless 
particles, the dynamical invariants have been derived from the Lagrangian den- 
sity which is considered to be a 4- vector. A la Majorana interpretation of the 
6- component spinors, the field operators of 5" = 1 particles, as the left- and 
right-circularly polarized radiation, leads us to the conserved quantities which 
are analogous to ones obtained by Lipkin and Sudbery. 

The scalar Lagrangian of Joos- Weinberg theory is shown to be equivalent to 
the Lagrangian of a free massless field, introduced by Hayashi. As a consequence 
of a new " gauge" invariance this skew-symmetric field describes physical particles 
with the longitudinal components only. 
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The investigation of relativistic high-spin fields is very important in the connection 
of the present experimental situation when the particles of spin up to 6 were found 
out i: 
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In the beginning of the sixties Joos 0, Weinberg |^ and Weaver, Hammer, and 
Good 0] have developed a description of free particles with an arbitrary spin S = 
0, |, 1, 1 • • ■ on the base of Wigner's ideas of constructing quantum field theory. 
Following this description, the spin-one case 0-0 as well as the spin-| case have 
been investigated in detail. The formulas for the Hamiltonian for any spin have also 
been obtained 0, 00. The wave functions in this approach form the basis of the 
{S, 0) ® (0, S) representation of the Lorentz group and are presented by the 2(25* -|- 1)- 
component spinor: 

^=f^0> (1) 



The transformation rules 

Xa{p) = exp { +9pJ ) Xa (0) 



(2) 

0^ (p) = exp -9pJ (p^ (0) 



(with 9 is the boost parameter, tanh9 = ^, p = J is the angular momentum oper- 
ator) represent generalization of the well-known Lorentz boosts for the Dirac particle. 
It was noted in Ref. [3b, p. 888] that the equation for this spinor: 

{l^.uP^.Pu + m^)^ = (3) 

can be transformed to the equations for left- and right-circularly polarized radiation 
when massless S = 1 field being considered. Otherwords, we come to the Maxwell's 
free-space equations (Eqs. (4.21) and (4.22) of Ref. [3b]): 

iVx[E~tH]+ i{d/dt) [E - iH] = 0, 

\V x[E + iH] - ild/dt) [E + ziY] = 0, ^ ^ 



would like to mention the recent articles concerning this formalism |12[-|l4 
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if we consider (0) as the Dirac "bivector" □ which can be decomposed in Pauh algebra 
as e.g. [|^: 



X 



E + iH, 
-E + iH 



(5) 



{E and H are Pauh vectors). In fact, this is the formulation a la Majorana [p!^-||19||a. 

Attempts at describing the electromagnetic field in the terms of electric and mag- 
netic field vectors E, H (but not a potential) as independent variables, or, equivalently, 
antisymmetric strength tensors, have been undertaken recently |21]-[Q. For example, 
in Ref. P3| the 4-vector Lagrangian density: 



r 

'~'a 



E^ di/E^iy 



(6) 



[E^y is the electromagnetic field tensor, *E^ 



EP" is its dual, is the electro- 
magnetic current 4-vector) has been used to determine the new conserved quantities 
analogous to the quantities deduced from Lipkin's tensor |2^. The remarkable fea- 
ture of this formulation is that energy-momentum conservation is associated not with 
translational invariance but with invariance under duality rotations. 

In present article the similar properties are shown out for the Lagrangian density 
of Joos- Weinberg theory. Following ||2^, the Lagrangian is chosen as the 4-vector§: 

= -i^-i^pdp^i + i{dp^-i^p^. (7) 

On the variational principle of the stationary action the above Lagrangian leads to 
Euler-Lagrange equations: 



r lapdp^ = 0, 



(8) 



which are, in fact, the Eqs.(4, 4') of Ref. [17b]. When a = 4 Eqs.@ are rewritten to 
Eqs. (H), whereas when a = i = 1, 2, 3 we come to: 



at 

dH, 



^iki-Qf + diEk — dkEi — {djEj)5ik = 0, 



(9) 



whose symmetric and antisymmetric parts give the usual four Maxwell's equations. 
Let us mark the coincidence of these equations with Eqs. on p.L34 of Ref. p3[ as well 



as with the system of equations (17) in Ref. |26, p. 76] 



^ + V A ^ - {VE)6,k = 0, 
-V AH + {VH)5,k = 0. 



(10) 



^See also |T^, p. 149] for discussion about interpretation of components of field transforming on 
the (5, 0) © (0, S) representation of the Lorentz group. 

■^See ||2^ for discussion about connection of 2(25'+!)- component multispinor 'J — (^'ai.. .023)1 ^^^i- 
mitted to the massless Bargmann-Wigner equation, with the antisymmetric field tensor F^^u-^^,,,^^^^. 

^See pa for the details of vector Lagrangian description. 
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Here hats above E and H designate volutors. 

The use of the proposed Lagrangian (0) gives the opportunity to receive dynamical 
invariants: 

1) The energy-momentum tensor has the following form: 

Tr = ^J,, + t^laud,^ - t{d,^ho.,^. (11) 

2) The angular momentum tensor is 

+ t^^^,Alf,^-t^A%^^,^ (12) 

(with Ajj^p and Aj^p are the generators of the Lorentz transformations). 
And, finally, 

3) the current tensor is equal to 

= -2fr7^^^ (13) 

and is obtained as a consequence of gradient transformations: 

^ = (14) 



(where ^ = '^^'Jm), which correspond to the duality rotations: 

r F^^ F^^cosO +* F^^sinO, 
I *F^, ^ -F^^sme +* F^^cosO, 

implemented by Sudbery p^ . 

Considering Weinberg's spinor in accordance with Eq. (^ and restricting oneself 
by the first term of Lagrangian (|^) i, we get the following conserved quantities: 

{EV)H -{HV)E + E{VH)-H{VE), (16) 
E[V X H] - H[V X E], (17) 
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(18) 



-i[{EV)E + {HV)H + E{VE) + H{VH)], (19) 



1 



fc]4 



{EV)H -{HV)E + H{VE)-E{VH) . (20) 



The value of A*^ is shown in to be A^^ = — 175,^/3 and, correspondingly, Aj^^ = 
|75,At/3- As opposed to |^ we obtained 

^4'*^' = 0, (21) 



^It is possible because in terms of E and H the both of Eqs. (||), obtained from the first and 
second terms of (j^), lead to the same motion equations. Moreover, the difference of these Lagrangians 
is equal to the total derivative. 
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but 

St'""' = -4:[e X h],. (22) 
At last, we have the same expressions for as in Ref. p3[] : 

J44 = -2{E^ + H^), (23) 
J4i = HeijkEjHk, (24) 
J,, = 2[{E^ + H^)6,, - E,E, - H,H^], (25) 

which are the components of energy-momentum tensor in the common-used formulation 
of QED. 

Thus, the gauge transformations of the first kind lead to energy-momentum con- 
servation and the" charge" is identified with the energy density of the field. 

The scalar Lagrangian of the Joos- Weinberg's 2(25* + 1)- theory was presented in 
[12a, 14b] : 

£JH/ ^ d^^^^^d^xij + ^2^^. (26) 

Let us note, implying the interpretation of the Weinberg's 6-spinor as in (^, we 
can rewrite the Lagrangian (^) as following: 

= {d^F,^){d^F,a) - 2{dMiduF.c.) + 2{d^F,^){d,F^^). (27) 
It leads to the Euler-Lagrange equation: 

nFai3 — 2{dpFa^^^ — daFp^^^) = 0, (28) 



where □ = d„diy. The Lagrangian (|27|) is found out here to be equivalent to the 
Lagrangian of free massless skew-symmetric field given in i: 

£^ = iF.Fk, (29) 

o 

with Ffc = iekjmnFjm,n- It can be rewritten 

C"" = ^{d^F,^){d^F,^)-^{d,F,o.){duF^,) = 

= -1^"^ -^{d,F^,){d.F^u), (30) 
which confirms the above statement, taking into account the possibility of use the Fermi 



method mutatis mutandis as in Ref. The second term in (27) can be excluded 

by means of generalized Lorentz condition (which is just well-known Maxwell's motion 
equations)0. 



^See also description of closed strings on the base of this Lagrangian in |£8[ p9[ . 

''Let us mention some analogy with the potential formulation of QED. In some sense the Lagrangian 



( |27| ) corresponds to the choice of "gauge-fixing" parameter ^ — 1, of Ref. formula (5)] 
corresponds to the "Landau gauge" (^ = 0), and £^ (formula (9) of cited paper) does to the "Feynman 
gauge" (C =1). 



4 



In turn the Lagrangian (^) is invariant under new "gauge" transformations: 

F^u F^, + A[^,] = F^, + dAf. - d^K (31) 

The cited paper proves the Lagrangian describes massless particles having the 
longitudinal physical components only. The transversal components are removed by 
means of the "gauge" transformation (|3TD. 

If we implement this "gauge" transformations to the Dirac "bivector" i: 

i 1 

F ^ F + 64 A v4[4fc]efc + -v4[jfc]ej A = F + -v4[^^]e^ A (32) 

we can obtain the same result, very surprising in the point of view of Weinberg's 
theorem about connection between the helicity A and the Lorentz group representation 
{A,B), B-A = \. 
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*See Ref. p. 244] for discussion of Clifford algebra in the Minkowsky space. 
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